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Abstract
This paper investigated the convergence of the parallel diagonals (with xed dierence of denominator
degrees and numerator degrees) sequences of the rational interpolation to a Stieltjes function. A simple
convergence criterion was given and conclusions about the position of poles were established.
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1. Introduction
A Stieltjes function is dened by the Stieltjes-integral representation∫ ∞
0
d(u)
1− zu : (1)
A formal expansion of (1) always provides a series expansion of f(z), called a Stieltjes series, and
given by
f(z) =
∞∑
j=0
fjzj: (2)
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The series is called formal because it may not converge for any z except z = 0. If (u) is constant
on 1=R6 u¡∞ then the Stieltjes function is∫ 1=R
0
d(u)
1− zu : (3)
In this case f(z) is dened in the cut z-plane, cut along (R;+∞). The power series of f(z) given
by (2) is then convergent in the disk z¡R. We dene two subsets of the complex plane,
DR(;M) =
{
z: |z|6M ¡+∞; inf
R6¡+∞
|z − |¿; R¿ 0; ¿ 0
}
;
D(;M) =
{
z: |z|6M ¡+∞; inf
06¡+∞
|z − |¿¿ 0
}
:
It can be proved that if the Stieltjes function f(z) is dened by (1) or (3) then f(z) is analytic in
D(;M) or DR(;M) for any positive  and M [7].
Let {z0; z1; : : :} be a sequence of complex numbers (not necessarily distinct). Let f(z) be a function
which is holomorphic on some open set, and m; n be non-negative integral numbers. We can nd
Pm(z) and Qn(z) where Pm(z) is a polynomial of degree at most m and Qn(z) is a polynomial of
degree at most n such that
Pm(z)− Qn(z)f(z) ≡ 0 (mod!m+n+1(z)); (4)
i.e., {Pm − Qnf}=!m+n+1 is analytic at each zero of !m+n+1.
Pm(z)=Qn(z) is called the quasi-rational interpolant of f(z) with order (m; n) and denoted by
Rmn(z) or Pmn(z)=Qmn(z) [5].
It is common to display quasi-interpolants with dierent m and n in a table
R00 R01 R02 · · ·
R10 R11 R12 · · ·
R20 R21 R23 · · ·
...
...
...
. . .
In this table, the column and parallel diagonal sequences are most important. Generally, we can
solve problem (4) via solving a linear system. However, for Stieltjes function, we have the following
formula [6]:
Proposition 1. For any polynomial Q(z), degQ(z) = n and Q(0) = 0, m¿ n− 1 let
P(z) =
∫ ∞
0
Q˜(u)[!∗m+1(u)− um+1!m+1(z)]
un(1− uz)!∗m+1(u)
d(u) (5)
then P(z) is a polynomial of degree m and
P(z)− Q(z)f(z) ≡ 0 (mod!m+1(z));
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where
Q˜(u) = unQ
(
1
u
)
;
!m+1(z) =
m∏
i=0
(z − zi);
!∗m+1(z) =
m∏
i=0
(1− ziz):
Proposition 2. Suppose P(z) be dened as (5) then
P(z)− Q(z)f(z) ≡ 0 (mod!m+n+1(z))
i Q(z) satisfying∫ ∞
0
um−n+1+sQ˜(u)
!∗m+n+1(u)
d(u) = 0; s= 0; 1; : : : ; n− 1: (6)
Note that, as zi → 0, 06 i6m+ n, we recover the Pade approximant (cf. [2]).
2. Convergence theorem
Lemma 3. If f(z) is represented by (1), the interpolation knots z0; : : : ; zm+n with either zi ¡ 0 or
conjugate complex numbers appearing in pairs and m− n¿− 1, then
(i) degQmn(z) = n and the zeros of Qmn(z) are all simple which lie on the positive real axis,
especially if f(z) is represented by (3) the zeros of Qmn(z) lie on (R;+∞) and
(ii) Rmn(z) has no unattainable points.
Proof. If zi, i = 0; 1; : : : ; m + n satisfy the condition of the lemma and u¿ 0, then !∗m+n+1(u)¿ 0.
Eq. (6) denotes that Q˜mn is orthogonal to any polynomials whose degree not exceeding n− 1 with
respect to the positive distribution
um−n+1
!∗m+n+1(u)
d(u)
on the interval (0;+∞). By the properties of general orthogonal polynomials [4], we have
deg Q˜mn(u) = n and the zeros of Q˜mn(u) are all simple and lie on (0;+∞) (or lie on (0; 1=R)
if f(z) is represented by (3)). Since the zeros of Qmn(u) are the reciprocals of those of Q˜mn(u),
conclusion (i) has been proved. (i) denotes that every knot zi is not the zero of Qmn(z) so zi is not
an unattainable point (cf. [5]).
Let J = m − n, and write Rmn(z) = Rn+J;n(z) = P(J )n (z)=Q(J )n (z). If the knots set {z0; : : : ; z2n+J}
satises the conditions of Lemma 3, we say that it satises Condition(I).
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Lemma 4. Q(J )n (z) and Q
(J )
n+1(z) have no common factors.
Proof. By denition we have[
P(J )n
Q(J )n
− f
]
(z) = !2n+J+1(z)H1(z);
[
P(J )n+1
Q(J )n+1
− f
]
(z) = !2n+J+1(z)H2(z):
Eliminating f from the above two equations, we have
[Q(J )n+1P
(J )
n − P(J )n+1Q(J )n ](z) = !2n+J+1(z)H3(z);
where H1, H2 and H3 are functions which are analytic in D(;M). Since the left-hand side of the
above equation is a polynomial of degree not exceeding 2n+ J + 1,
[Q(J )n+1P
(J )
n − P(J )n+1Q(J )n ](z) = C!2n+J+1(z); (7)
where C is a constant.
If QJn (z) and Q
(J )
n+1(z) have common factors, then only two cases are possible: (i) C = 0 thus
P(J )n =Q
(J )
n ≡ P(J )n+1=Q(J )n+1 and (ii) QJn (z) and Q(J )n+1(z) have common factors of form (z− zi). But these
are all contradictory to Lemma 3.
Lemma 5. For any n and J , the poles of Rn+J;n(z) and Rn+J+1; n+1(z) are alternate each other and
the residues of Rn+J;n(z) at its poles are of same sign.
Proof. Set ∈ [0; 1], i()= zi, i=0; : : : ; 2n+ J . Rn+J;n(z; ) is the quasi-rational interpolant of f(z)
with order (n+ J; n) at the knots i(). So Rn+J;n(z; 1) is Rn+J;n(z) and Rn+J;n(z; 0) is the [n+ J=n]
Pade approximant of f(z), [1]. Suppose the poles of Rn+J;n(z; ) are 
(n)
1 (); : : : ; 
(n)
n (). We intend
to prove
0¿(n+1)1 ()¿
(n)
1 ()¿
(n+1)
2 ()¿
(n)
2 ()¿ · · ·
¿(n+1)n ()¿
(n)
n ()¿
(n+1)
n+1 (): (8)
Since {z0; : : : ; z2n+J} also satises Condition(I), (n)1 (); : : : ; (n)n () all lie on the positive real axis.
As  : 0 → 1 they change continuously on the positive real axis. In Pade case  = 0, we know
that (8) is true (cf. [1]). If (8) is not true for  = 1, then there exists a 0 ∈ [0; 1] causing either
(n)k (0) = 
(n+1)
k (0), k ∈{1; : : : ; n} or (n+1)n+1 (0) = (n)n (0). But these are all contradictory to Lemma
4. So (8) is true for = 1. From (7), we have
P(J )n (z)
Q(J )n (z)
− P
(J )
n+1(z)
Q(J )n+1(z)
=
C!2n+J+1(z)
Q(J )n (z)Q
(J )
n+1(z)
: (9)
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Let (k)i (1) = 
(k)
i . We can select the constant C make the right-hand side of (9) as
C
∏2n+J
i=0 (z − zi)∏n
i=1 (z − (n)i )
∏n+1
i=1 (z − (n+1)i )
: (10)
Since that (n)i is not a pole of the second term of the left-hand side of (9), we can multiply both
sides of (9) by (z − (n)i ) then let z → (n)i and obtain
Res(Rn+J;n; 
(n)
i ) =
C
∏2n+J
j=0 (
(n)
i − zj)∏n
j=1; j =i (
(n)
i − (n)j )Q(J )n+1 ((n)i )
: (11)
For any i∈{0; : : : ; n}, the numerator of the right-hand side of (11) is not zero and keep its sign.
Since zeros of Q(J )n and Q
(J )
n+1 are alternate, when i → i + 1 the two factors of the denominator of
the right-hand side of (11) both change their signs once, so the residues of Rn+J;n(z) at its poles are
all of the same sign.
By the continuity of the function 1=(1− zu), we can easily prove the following lemma:
Lemma 6.
sup
z∈DR(;M);u∈[0;1=R]
∣∣∣∣ 11− zu
∣∣∣∣6C(;M; R); (12)
sup
z∈D(;M);u¿0
∣∣∣∣ 11− zu
∣∣∣∣6C(;M); (13)
where C(;M; R) and C(;M) are nite constant independent of z and u.
2.1. Stieltjes series with non-zero convergence radius
Lemma 7. Let f(z) be the Stieltjes function represented by (3) and the knots set {z0; : : : ; z2n−1}
satises Condition(I), then the sequence Rn−1; n, n=1; 2; : : : is uniform bound and equally continuous
on DR(;M) for any xed  and M .
Proof. By Lemma 5, the quasi-rational interpolant of f(z) with order (m; n) can be written as
Rn−1; n(z) =
n∑
i=1
Res((n)i )
z − (n)i
=
n∑
i=1
(n)i
1− (n)i z
; (14)
where (n)i = 1=
(n)
i , i =Res(
(n)
i )= − (n)i . From Lemmas 3 and 5, we know that 0¡(n)i ¡ 1=R and
(n)i (i= 1; : : : ; n) are of the same signs. Without loss generality, assume z06 0. Let z = z0 in (14),
we have
|f(z0)|=
n∑
i=1
|(n)i |
1− (n)i z0
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and
n∑
i=1
|(n)i |6
(
1− z0
R
)
|f(z0)|: (15)
If z ∈DR(;M), from (12) we obtain the following estimation:
|Rn−1; n(z)|6
n∑
i=1
|(n)i | max16i6n
∣∣∣∣∣ 11− (n)i z
∣∣∣∣∣6
(
1− z0
R
)
|f(z0)|C(;M; R): (16)
Eq. (16) shows the uniform boundedness.
Suppose z1; z2 ∈DR(;M),
|Rn−1; n(z1)− Rn−1; n(z2)|
=
∣∣∣∣∣
n∑
i=1
(n)i
(
1
1− (n)i z1
− 1
1− (n)i z2
)∣∣∣∣∣= |z1 − z2 |
∣∣∣∣∣
n∑
i=1
(n)i
(n)i
(1− (n)i z1)(1− (n)i z2)
∣∣∣∣∣
6 |z1 − z2|
(1− z0R ) |f(z0)|
R
C2(;M; R): (17)
Theorem 8. Let f(z) be the Stieltjes function represented by (3) and the knots set {z0; : : : ; z2n−1}
satises Condition(I). If the interpolation knots are all included in a DR(;M), then the sequence
of quasi-rational interpolants of f(z){Rn−1; n}; n = 1; 2; : : : converges to f(z) uniformly on any
compact set of DR(;M) as n→∞.
Proof. By Arzela and Weierstrass Theorem, we can deduce from Lemmas 3 and 7 that there exists
a subsequence of {Rn−1; n} converges uniformly to an analytic function F(z) on any compact set of
DR(;M) and F(zi) = f(zi), i = 0; 1; : : : .
(i) If there exists a interpolation knot zj let zi = zj for all i¿ j, then there exits a neighborhood
of zj S, S ⊂ DR(;M). Since f(z) and F(z) have the same Taylor expansion at zj, we obtain the
result f(z) ≡ F(Z) on DR(;M) by the uniqueness of analytic continuation.
(ii) If the hypothesis in (i) is not true, there exists a limit point of {zi} in DR(;M), thus
f(z)=F(z) is true on a subset of DR(;M) with limit point, this implies f(z) ≡ F(Z) on DR(;M).
Because every subsequence of {Rn−1; n} satises the condition of Lemma 7, it contains convergent
subsequence. Therefore, the whole sequence {Rn−1; n} converges to f(z).
Let g(z) = z−(J+1)
∑∞
j=J+1 fjz
j(J¿ 0), f(z) can be represented as
f(z) =
J∑
j=0
fjzj + zJ+1g(z):
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So we have the following corollary:
Corollary 9. Suppose J¿ − 1, under the condition of Theorem 8 and z0 = z1 = · · · = zJ = 0
{Rn+J;n}; n= 1; 2; : : : converges to f(z) uniformly on any compact set of DR(;M) as n→∞.
2.2. Stieltjes series with zero convergence radius
Lemma 10. Let f(z) be the Stieltjes function represented by (1) and the knots set {z0; : : : ; z2n}
satises Condition(I) moreover, z0 = z1 = 0 then the sequence Rn−1; n; n=1; 2; : : : is uniform bound
and equally continuous on D(;M) for any xed  and M .
Theorem 11. Let f(z) be the Stieltjes function represented by (1) and the knots set {z0; : : : ; z2n}
satises Condition(I). If the interpolation knots are all included in a D(;M) except nite points
and z0 = z1 = 0, then the sequence of quasi-rational interpolants of f(z) {Rn−1; n}; n = 1; 2; : : :
converges to f(z) uniformly on any compact set of D(;M) as n→∞.
The proofs of Lemma 9 and Theorem 10 and the generalization to the case J¿− 1 are similar
to Section 2.1.
Remark. As the referee pointed out, similar topics were discussed by Braess [3] and Xu [8]. Using
the classical moment theory, they proved the convergence of the rational interpolants on the real
axis. We use the properties of general orthogonal polynomials to extend the result to complex plane
and obtain the interlacing of the poles.
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